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$L=\{0,1, +, -,\cdot\cdot, \sigma\}$ .
1.1 $_{arrow}^{\wedge}$.
$\forall x\forall y\delta(x+y)=\delta(x)+\delta(y)$ ;
$\forall x\forall y\delta(x\cdot y)=\delta(x)\cdot y+\delta(y)\cdot x$ .
, $DF$ .
1.2 , , .
$x\cdot y$ $xy$ . $R$ , 0 .
1S $R$ . $a,$ $b\in R$ $b$ . 1, 2
1. $\delta(a^{n})=na^{n-1}\delta(a)_{j}$
2. $\delta(\frac{a}{b})=\mathrm{m}_{b}b\delta a-a\delta b$.
2 .
1.4 $R$ .
$R\{\overline{X}\}:=R[X_{1}, \delta(X_{1}), \delta^{2}(X_{1}), \ldots, X_{2}, \delta(X_{2}), \delta^{2}(X_{2}), \ldots, X_{n}, \delta(X_{n}),\dot{\delta}^{2}(X_{n}), \ldots]$ , $R$
diffeoential lyno $\mathrm{a}1$ ring . $R\{\overline{X}\}$ fferential polynomial .
li $R$ , $I\subset R$ .
$I$ $\delta$ , differentid ideal . $I$
differential id $m$ $a^{m}\in I$ $a\in I$ , t $\mathrm{c}\mathrm{a}\mathrm{l}$ differenfiml ideal
. $I$ differential ideal , prime differenfial ideal . $A\subset R$ , $A$
fferential ideal $A$ differential ideal , $\langle A\rangle$ .
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1.6 $R\{X\}$ $f(X)$ differential ideal $f(X)$ differential ideal ,
{$f(X))$ .
1.7 $f(X)\in R\{X\}\backslash R$ , $f$ $\delta^{n}(X)$ $n$ $f$ order , $\mathrm{o}\mathrm{r}\mathrm{d}(f)$ .
$f\in R$ $\mathrm{o}\mathrm{r}\mathrm{d}(f)=-1$ .
$f$ order $n\geq 0$
$f(X)= \dot{.}\sum_{=0}^{m}g_{\dot{\iota}}(X, \delta(X),$ $\delta^{2}(X),$
$\ldots,$
$\delta^{n-1}(X))(\delta^{\mathfrak{n}}(X))^{i}$
( $g:\in R[X,$ $\delta(X),$ $\ldots,$ $\delta^{n-1}(X)]$). $g_{m}\neq 0$ $f$ $m$ .
$s_{f}:= \sum_{\dot{|}=1}^{m}ig_{1}.(X, \delta(X),$ $\delta^{2}(X),$
$\ldots,$
$\delta^{n-1}(X))(\delta^{n}(X))^{:-1}$
$f$ $p ant .
1.8 $f(X),$ $g(X)\in R\{X\}$ . $\mathrm{o}\mathrm{r}\mathrm{d}(f)<\mathrm{o}\mathrm{r}\mathrm{d}(g)$ $\mathrm{o}\mathrm{r}\mathrm{d}(f)=\mathrm{o}\mathrm{r}\mathrm{d}(g)$ $f$
9 , $f(X)$ $g(X)$ simpler $f(X)<<g(X)$ .
1.9 [ $sf\ll f$ .
1.10 $f(X)\in R\{X\}\backslash R$
$I_{R}(f):=\{g(X)\in R\{X\}|$ $m$ $s_{f}^{m}$g(X)\in $\langle$ f
. I( .
111 $f(X)\in R\{X\}\backslash R$ . $I(f)$ prime differenfiml ideal .
112 $R\{X\}$ 0 prime differential ideal $I(f)$ $f(X)$ .
1.13 $L/K$ , $\alpha\in L$ . $I(\alpha/K):=\{f(X)\in K\{X\}|f(\alpha)=0\}$ .
$I(\alpha/K)\neq\{0\}$ $\alpha$ $K$ differenfially algebraic . $I(\alpha/K)=\{0\}$ $\alpha$ $K$
fferentially Uanscendental $\eta$ .
1.14 $R$ , $I\subset K\{X\}$ differential ideal, $f\in I$ . $g\ll f$ , $g\neq 0$
$g\not\in I$ $f$ $I$ .
1.15 $L/K$ . $f$ $K\{X\}$ , $f_{1}$ $f$ $L\{X\}$
. , $I_{L}(f_{1})\cap K\{X\}=I_{K}(f)$ .
$1.1\epsilon R$ . $I$ diffeoential ideal , $\sqrt F$ radical differenfiml ideal .
1.17 $I$ radical differenfiml ideal . $\alpha_{1},$ $\alpha_{2},$ $\ldots,$ $\alpha_{n}$ $I=\sqrt{\{\alpha_{1},\alpha_{2},\ldots,\alpha_{n}\rangle}$
, $I$ .
$R$ , $R[\overline{X}]$ $\mathrm{H}\mathrm{i}1\mathrm{b}e\mathrm{r}\mathrm{t}’\mathrm{s}$ Basis Theooem ,
differenfiml polynomial ring . .
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$\langle X^{2}, \delta(X)^{2}, \delta^{2}(X)^{2}, \ldots\rangle$ .
radical differenfial ideal .
L18 ($\mathrm{R}\mathrm{l}\mathrm{t}\mathrm{t}\cdot \mathrm{R}\mathrm{a}\mathrm{u}\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{b}\mathrm{u}s\mathrm{h}$ ’s Basis Theorem) $R$ , $R$ radical differential ideal
. , $R\{\overline{X}\}$ radical $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}^{\iota}1$ ideal .
119 $R$ , $I$ differenfial ideal $a,$ $b\in R$ . $\sqrt{\langle I,a\rangle}\sqrt{\langle I,b\rangle}\subset\sqrt{\langle I,ab\rangle}$.
120 omposition Theorem) $R$ radical differenfial ideal .
radical differenfial ideal prime differenfial ideal .
( ) . radical differential ideal , prime differential ideal
. $I$ . $I$
, $ab\in I$ $a\not\in I$ $b\not\in I$ . $\sqrt{\langle I,a\rangle}\sqrt{\langle I,b\}}\subset\sqrt{\langle I,ab\rangle}=I$.
$c\in\sqrt{\langle I,a\rangle}\cap\sqrt{\langle I,b\rangle}$ t , $d\in I$ . $I$ radical differenfial id 1 $c\in I$ .
$\sqrt{\langle I,a\rangle}\cap\sqrt{\langle I,b)}=I$ . $I$ .
$\blacksquare$
, . .
121 $R$ , $I$ differential ideal . $I\subsetneq J\neq R$ differenfial ideal $J$
, $I$ maxim fferential ideal .
1.22 $R$ , $I$ differential ideal . , $I$ n)ax $\mathrm{m}1$ differential ideal .
L23 maximal differenfiml ideal $J$ prime differenfiml ideal .
( ) [ . $J$ prime . $a,$ $b\not\in J$ $ab\in J$ . $J$
$\sqrt{\langle J,a\rangle}=R,$ $\sqrt{\langle J,b\rangle}=R$ .
$R=\sqrt{\langle J,a\rangle}\sqrt{\langle J,b\rangle}$
$\subset\sqrt{\langle J,ab\rangle}$
$=\sqrt{J}$ ($ab\in J$ ).
$\sqrt{J}=R$ , $1\in\sqrt{J}$ . $m$ 1 $\in J$ $1\in J$
. $\blacksquare$
L24 $k$ , $D\subset k^{n}$ . $\Sigma\subset k\{\overline{X}\}$
$D=$ {$\overline{a}\in k^{n}|$ f\in \Sigma , $f(\overline{a})=0$ }
, $D$ $\delta$- $D=V_{\delta}(\Sigma)$ .
$\delta$- $D$ 2 $\delta$- , $D$ .
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125 $k$ , $\Sigma\subset k\{\overline{X}\}$ . , $V_{\delta}(\Sigma)=V_{\delta}(\sqrt{\langle\Sigma\rangle})$ .
126 $\delta$- $V$ prime differential ideal $P$ , $V=V_{\delta}(P)$ .
L27 $\delta$- $\delta-$ .
1 $\Phi\{n,m0,m_{1},\ldots,m_{\hslash},l_{0},l_{1},\ldots,l_{h}-1\}$ ($n$ 1 , $m_{0},$ $m_{1},$ $\ldots,$ $m_{n},$ $l_{0},$ $l_{1}$ ,
. . 4 -1 ) :
$\forall a0,0,\ldots,0\forall a_{1},0,\ldots,0\cdots\forall am_{0},0,\ldots,0\forall a_{0,1,0,\ldots,0}\ldots\forall a_{0,m_{1}}$?0j...70 $\circ\circ\circ$ \forall amo,ml,...,m
$\forall b_{0,0,\ldots,0}\forall b_{1,0,\ldots,0}\cdots\forall b_{l0,\ldots,0}\forall b_{0,1,0,\ldots,0}\cdots\forall a_{0,b,0,\ldots,0}\cdots\forall b\iota_{0}0,1,\iota_{1},\ldots,\iota_{n-1}$
($a_{m_{0\prime}m_{1},\ldots,m_{n}}\neq 0\Lambda$ ($b0,0,\ldots,0\neq 0\vee\cdots$ \vee bl0,lb...,l -1\neq 0))\rightarrow
$\exists v(\Sigma_{0\leq 0\leq^{m_{0}},\ldots,0\leq\dot{\iota}_{n}\leq^{m_{\mathfrak{n}}}|_{\hslash}}:a_{i_{0}},\ldots,\cdot v^{\dot{\iota}_{0}}\delta(v):_{1}\delta^{2}(v)^{-2}\cdots\delta^{n}(v):_{\mathrm{n}}=^{\mathrm{I}}0\Lambda$
$\Sigma_{0\leq\dot{|}0\leq l_{0},\ldots,0\leq \mathrm{r}_{-1}}*\cdot\leq\iota_{n-1}b:0,\ldots,i_{n-1}v^{-_{0}:_{1}}\delta(v)\delta^{2}(v)|.2\ldots\delta^{n-1}(v):_{n_{-1}}\neq 0)$ .
L29 $DF$ { $\Phi\{n,m_{0},m_{1},\ldots,m_{n},\iota_{0},\iota_{1},\ldots,\iota_{\mathfrak{n}-1}\}|n$ 1 , $m_{0},$ $m_{1},$ $\ldots,$ $m_{n},$ $l_{0},$ $l_{1},$ $\ldots,$ $l_{\hslash-1}$
} , $DCF$ .
1SO , .
1S1 $k$ , $f(X),$ $g(X)\in k\{X\}$ $\mathrm{o}\mathrm{r}\mathrm{d}(g)<\mathrm{o}\mathrm{r}\mathrm{d}(f)$ . $k$ $l$ $a\in l$
$f(a)=0$ $g(a)\neq 0$ .
( )$f$ $k\{X\}$ $f_{1}$ . $\mathrm{o}\mathrm{r}\mathrm{d}(f)=\mathrm{o}\mathrm{r}\mathrm{d}(f_{1})$ . $I=I(f_{1})$
, $g\not\in I$ . $k\{X\}/I$ $F$ . $F$ $k$ . $a\in F$ $X+I$
$f\in I,$ $g\not\in I$ $f(a)=0$ } $\vee\supset g(\mathrm{a})\neq 0$ . .
$\blacksquare$
132 $k$ . $k$ $K$ .
( ) $k$ $k^{*}$ .
$f(X),$ $g(X)\in k\{X\}$ [ $\mathrm{o}\mathrm{r}\mathrm{d}(g)<\mathrm{o}\mathrm{r}\mathrm{d}(f)$ $f(a)=0$ $g(a)\neq 0$ $a\in k^{*}$
.
$\Sigma:=\{f(cfg)=0\Lambda g(c_{fg})\neq 0|f, g\in k\{X\}, \mathrm{o}\mathrm{r}\mathrm{d}(g)<\mathrm{o}\mathrm{r}\mathrm{d}(f)\}$ ( $c_{fg}$ V ).
, Diag(k) $\cup\Sigma\cup DF$ . $\Sigma$ $\Sigma_{n}=\{f_{1}(c_{f_{1}g1})=0\Lambda g_{1}(cf_{1\mathit{9}1})\neq$
$0\}\cup\cdots\cup$ { $f_{n}(cf_{n\mathit{9}\mathrm{n}})=0\Lambda g_{n}rightarrow \mathrm{f}$,g )\neq 0} [ 131 [ Diag(k) $\cup\Sigma_{n}\cup DF$ \rho
. , Diag(k) $\cup\Sigma\cup DF$ . Diag(k) $\cup\Sigma\cup DF$
, .
[ $k_{0}=k,$ $k_{1}=k^{*},$ $k_{2}=k_{1}^{*},$ $\ldots$ , $K:= \bigcup_{0\leq:\in \mathrm{t}d}k$: , $f(X),g(X)\in$
$K\{X\}$ $\mathrm{o}\mathrm{r}\mathrm{d}(g)<\mathrm{o}\mathrm{r}\mathrm{d}(f)$ . $f(X),g(X)\in k_{n}\{X\}$ $n$ .
$f(a)=0$ $g(a)\neq 0$ $a\in k_{n+1}$ . $K$ .
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133 $K,$ $L\models DCF$ $L$ $\omega^{+}$ - . $\overline{a}\in K,$ $\overline{b}\in L,$ $k=\langle\overline{a}\rangle,$ $l=\langle\overline{b}\rangle$ . $\sigma$ $k$
$l$ $\overline{a}$ L . $\alpha\in K$ , $\sigma$ $k\langle\alpha\rangle$ $L$
$\sigma^{*}$ .
( )$\alpha\in K$ .. $\alpha$ $k$ differenfimlly algebmic
$f$ $I(\alpha/k)$ , $\mathrm{o}\mathrm{r}\mathrm{d}(f)=n,$ $\sigma(f)=g$ . $\Gamma(v):=\{g(v)=0\}\cup\{h(v)\neq 0$ : $h(X)\in$
$l(X),\mathrm{o}\mathrm{r}\mathrm{d}(h)<n\}$ .
$\Gamma(v)$ .
$N$ [ , $\{g(v)=0\}\cup\{h_{1}(v), h_{2}(v), \ldots, h_{N}(v) : \mathrm{o}\mathrm{r}\mathrm{d}(h:)<n(1\leq i\leq N)\}$
. $L\models DCF$ , $g(v)=0\Lambda$ .N.$=::h(v)\neq 0$ $\beta_{0}\in L$ .
$\Gamma(v)$ .
$\Gamma(v)$ $L$
$\omega^{+}$ - , $\Gamma(v)$ $\beta\in L$ . $\sigma$ $\sigma^{*}$ : $k\langle\alpha\ranglearrow$
$l\langle\beta\rangle$ $\sigma^{*}(\alpha)=\beta$ . $f,$ $g$ , $\sigma^{*}$ $k(\alpha)\underline{\simeq}l(\beta)$ .
.. $\alpha$ $k$ differentially transoendental
$L$ ($v^{+}$ - $l$ differentially transcendental $\beta\in L$ . $\sigma^{*}$ : $k\langle\alpha\ranglearrow l\langle\beta\rangle$ $\sigma^{*}(\alpha)=\beta$
. $k(\alpha)\underline{\simeq}l(\beta)$ . .
$\blacksquare$
1 $DCF$ $\mathrm{Q}\mathrm{E}$ , . .
( ) $\mathrm{Q}\mathrm{E}$ . .
$K,$ $L\models DCF$ , $k$ $K,$ $L$ . $\overline{a}\in k$ , $\phi(v,\overline{w})$ $\mathrm{q}\mathrm{f}$- .
$K\models\exists v\phi(v,\overline{a})$ , $L\models\exists v\phi(v,\overline{a})$ .
$K,$ $L\models DCF$ , $k$ $K,$ $L$ . $\overline{a}\in k$ , $\phi(v,\overline{w})$ $\mathrm{q}\mathrm{f}$- .
$K,$ $L$ . $K\models\exists v\phi(v,\overline{a})$ . $\alpha\in K$
, $K\models\phi(\alpha, \overline{a})$ . $l=(\overline{a})$ $\beta\in L$ , $l\{\alpha\rangle$ $\cong l\langle\beta\rangle$
. $\phi$ $\mathrm{q}\mathrm{f}$- $L\models\phi(\beta,\overline{a})$ . $L\models\exists v\phi(v,\overline{a})$ .
$DCF$ $\mathrm{Q}\mathrm{E}$ .
. $K,$ $L\models DCF$ . $\mathrm{Q}$ $\delta$ , $\mathrm{Q}$
. $\mathrm{Q}$ $K,$ $L$ . $\phi$ , $DCF$ $\mathrm{Q}\mathrm{E}$






$\not\in*\iota\Re K\equiv L$ &fX $2,$ $DCF\mathfrak{l}\mathrm{f}_{\acute{\overline{J\mathrm{E}}}}4T^{\backslash }\backslash h$ \’e).
$\blacksquare$
$R$ , $I$ differenfial ideal .
$\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}R:=\{p|p\}\mathrm{h}R\sigma)$ prime differential ideal};
$V(I):=$ {$p\in \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}R|$ I $\mathrm{C}p$};
$D(I):=\{p\in \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}R|I\not\subset p\}$
.
135 $R$ . ,
1. $V(\{0\})=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}R$ ;
$V(R)=\{0\}$ ;
2. $V(I)\cup V(J)=V(I\cap J)$ ;
3. $\bigcap_{\lambda\in\Lambda}V(I_{\lambda})=V(\Sigma_{\lambda\in\Lambda}I_{\lambda})$.
$\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}R$ $V(I)$ .
1 $R$ , $V(f):=\{p\in \mathrm{S}\mathrm{p}\infty R|f\in p\}$ .
1. $V(f)=V(\langle f\rangle)$ ;
2. $V(I)= \bigcap_{f\in I}V(f)$ .
137 $R$ , $D(f):=\{p\in \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}R|f\not\in p\}$ .
1. $D(f)=D(\langle f\rangle)$ ;
2. $D(I)= \bigcup_{f\in t}D(f)$ ;
3. $I=\langle f_{1}, \ldots, f_{m}\rangle$ $D(I)= \bigcup_{j=1}^{m}D(f_{j})$ .
13 $R$ , $\{f_{\lambda}\}_{\lambda\in \mathrm{A}}\subset R$ . :
1. $\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}R=\bigcup_{\lambda\in \mathrm{A}}D(f_{\lambda})_{j}$
2. $\{f_{\lambda}\}$ fferential ideal $(f_{\lambda})_{\lambda\in \mathrm{A}}$ $R$ .
1.39 $k$ , $p\in S_{n}(k)$ .
$I_{\mathrm{p}}=\{f\in k\{\overline{X}\}| " f(\overline{v})=0’’\in p\}$
. $I_{\mathrm{p}}$ prime differenfiml ideal .
1.40 $T$ , $M\models T$ . $\phi\in L(M)$ $[\phi]:=$. $\{\mathrm{p}\in S_{n}(M)|\phi\in p\}$ .
, $[\phi]$ . $[\phi]$
. $S_{n}(M)$ .
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1.41 $k$ , $f$ : $S_{n}(k)arrow \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}k\{\overline{X}\}$ $f(p)=I_{\mathrm{p}}$ . $f$
.
( )$f$ . $f$ . $\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}k\{\overline{X}\}$ $V$







$=\{p\in S_{n}(k)|" f=0’’\in p\}$
$=[f=0]$
, $f^{-1}(V(f))$ . $f^{-1}.(V(I))$ $f$ . $\blacksquare$
1.42 $’‘$’ . , $\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}k\{\overline{X}\}$ .
143 $.\mathfrak{l}i\prime C\Gamma$, \mbox{\boldmath $\omega$}- .
1.44 $k$ , $K$ $k$ . $L\models DCF$ , $L\supset k$ $K$
$L$ $K$ $k$ .
145 $DCF$ , $K$ $L$ .
1. $.|_{1}..\cdot$. . $k$ .
1.47 $K\models DCF$ , $V\subset K^{n}$ \mbox{\boldmath $\delta$}- .
$I_{\delta}(V):=$ { $f(\overline{X})\in K\{\overline{X}\}|$ $\overline{a}\in V$ , $f(\overline{a})=0$}
.
1.48 $K\models DCF$ , $V\subset K^{n}$ $\delta$- , $k$ $K$ . $I_{\delta}(V)$ $k\{\overline{X}\}$
, $V$ $k$ 4 $\backslash ,$ $k$ $V$ .
149 , $V$ $k$ .
L49 $M$ L4 . $A\subset M$ , $D\subset M^{n}$ . , $L(A)$ - $\phi(\overline{x})$
$D=\{\overline{a}\in M^{n}|M\models\phi(\overline{a})\}$ , $D$ $A$ $A$ .
, $D$ $A$ .
46
2
21 $A$ { $A\rangle$ . $k$ $k$ $A$ $k\langle A\rangle$
.
2.2 $L/K$ , $a\in L$ . $f(X)\in K[X]$ $f(a)=0$ , $a$ $K$
.
$I\cdot 3\mathrm{C}$ $DCF$ , $A\subset \mathrm{C}$ . $k=(A\rangle$ , $a\in \mathrm{C}$ . 1, 2
:
1. $a$ $A$ ;
2. $a$ $k$ .
( )$(2\Rightarrow 1)$ .
$(1\Rightarrow 2)I(a/k)$ $f$ . $\mathrm{o}\mathrm{r}\mathrm{d}(f)=0$ $a$ $k$ . $\mathrm{o}\mathrm{r}\mathrm{d}(f)\geq 1$
. $k$ $K$ . $f$ $K\{X\}$ $f_{1}$ : $\mathrm{o}\mathrm{r}\mathrm{d}(f)=\mathrm{o}\mathrm{r}\mathrm{d}(f_{1})$
. $\mathrm{C}$ $\mathrm{A}\mathrm{a}$ , $I(f_{1})=I(b/K)$ $b\in \mathrm{C}$ . $I(b/K)\cap k\{X\}=I(a/k)$
$\mathrm{t}\mathrm{p}(a/k)=\mathrm{t}\mathrm{p}(b/k)$ . $a$ $k$ , $\phi(v)\in L(k)$ $m$
$\mathrm{C}\models\phi(a)$ $|\{\alpha\in \mathrm{C}|\mathrm{C}\models\phi(\alpha)\}|=m$ . $\exists^{=m}v\phi(v)$ $\phi(v)$ $m$
. $\mathrm{C}\models\exists^{=m}v\phi(v)$ . $K$ $k$ $DCF$
, $K\models\exists^{=m}v\phi(v)$ . $a,$ $b$ $\phi(v)$ $a,$ $b\in K$ . ,
$\mathrm{o}\mathrm{r}\mathrm{d}(f1)\geq 1$ $b\not\in K$ .
$\blacksquare$
24 $\mathrm{C}$ $DCF$ , $A\subset \mathrm{C}$ . $k=\langle A$), $a\in \mathrm{C}$ . $\mathrm{d}\mathrm{c}1(A)=k$
.
( ) $\mathrm{d}\mathrm{c}1(A)\supset k$ .
$\mathrm{d}\mathrm{c}1(A)\subset k$ . $a\in \mathrm{d}\mathrm{c}1(A)$ . $a$ $k$ $a$ $k$
. $a$ $k$ $f(x)$ . $f(x)$ 2 $f(x)$
$\mathrm{C}$ 2 . $a\in \mathrm{d}\mathrm{c}1(A)$ . $f(x)$
1 $a\in k$ .
I
, .
25 $K$ , $X\subset K^{n}$ . $\Sigma\subset K[\neg X$
$X=$ {$\overline{a}\in K^{n}|$ f\in \Sigma $f(\overline{a})$ }
, $X$ , $X=V(\Sigma)$ .
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$\Xi\Xi 2.\mathit{6}K\#\{\{^{\backslash }\ovalbox{\tt\small REJECT} 7\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f},$ $V\subset K^{n}k\theta^{-|}.J\mathrm{x}*-7\mathrm{f}\mathrm{f}\mathrm{i}\ovalbox{\tt\small REJECT}_{\mathrm{D}}^{\mathrm{A}}kT$.
$I(V):=$ { $f(\overline{X})\in K[\overline{X}]|$ $\overline{a}\in V$ $f(\overline{a})=0$ }
. $k$ $K$ , $I_{k}(V):=I(V)\cap k[\overline{X}]$ .
2.7 $V\subset K^{n}$ , $k$ $K$ . $I(V)$ $k[\neg X$
, $V$ $k$ $k_{-}$ $V$ .
2.8 $K/k$ . $K[\overline{X}]$ $I$ $k\coprod X$ $\{F_{1}.(\overline{X})\}$ . ,
$\{F_{i}(\overline{X})\}$ $k[\overline{X}]$ $I_{0}$ .
$Q(\overline{X})\in I$ $I_{0}$ $K$-. . , $Q(\overline{X})=\Sigma w_{\lambda}P_{\lambda}(\overline{X})(P_{\lambda}(\overline{X})\in$
$k[\overline{X}],$ $w_{\lambda}\in K,$ $\{w_{\lambda}\}$ $k$ ) , $P_{\lambda}(\overline{X})\in I_{0}$ . $I\cap k[\neg X=I_{0}$ .
( ) $Q(\overline{X})\in I$ $I_{0}$ K- .
$Q(\overline{X})=\Sigma\gamma_{\mu}G_{\mu}(\overline{X})(\gamma_{\mu}\in K, G_{\mu}(\overline{X})\in I_{0})$ $\{G_{\mu}(\overline{X})\}$ .
$\{G_{\mu}(\cdot\overline{X})\}$ $k$ . $\Sigma\gamma_{\mu}G_{\mu}(\overline{X})=\Sigma w_{\lambda}P_{\lambda}(\overline{X})$ ,
. $\{G_{\mu}(\overline{X})\}$ . $\gamma_{\mu}$
, $\gamma_{\mu}=\Sigma_{\lambda}d_{\mu\lambda}w_{\lambda}(d_{\mu\lambda}\in k)$ . $\Sigma w_{\lambda}P_{\lambda}(\overline{X})=\Sigma_{\mu\lambda}d_{\mu\lambda}w_{\lambda}G_{\mu}(\overline{X})$ , $P_{\lambda}(\neg X=$
$\Sigma_{\mu}d_{\mu\lambda}G_{\mu}(\overline{X})\in I_{0}$ . $I\cap k[\overline{X}]=I_{0}$ .
$\blacksquare$
2.9 $K$ , $V\subset K^{n}$ . , $V$ .
$k$ $V$ , $\sigma\in \mathrm{A}\mathrm{u}\mathrm{t}(K)$ 1, 2 :
1. $\sigma$ $V$ ;
2. $\sigma$ $k$ .
( ) $X_{1},$
$\ldots,$
$X_{n}$ $X_{1}^{e_{1}}\cdots X_{n^{n}}^{e}$ $M_{1}.(\overline{X})(i=0,1, \ldots)$ .
$M_{1}.(\overline{X})\}$ , $a_{0},$ $a_{1},$ $\ldots,$ $a_{i-1}\in K$ $M_{1}.(\overline{X})-\Sigma_{j=\mathit{0}}^{i-1}a_{\mathrm{j}}M_{j}(\overline{X})\in I(V)$ ,
$M.\cdot(\overline{X})$ . $\{M_{j_{\lambda}}(\overline{X})\}$ . $i_{\lambda}$
$i$ $\{a_{\lambda}\}$ , $P_{1}.(\overline{X}):=M.\cdot(\overline{X})-\Sigma:_{x<i}a_{\lambda}M_{\iota_{\lambda}}(\overline{X})\in I(V)$ . $i_{\lambda}$
$P_{\dot{l}_{\lambda}}(\overline{X}):=0$ . \sim $P_{\dot{l}}(\overline{X})$ $I(V)$ . $I(V)$
$\{P_{-}(\overline{X})\}$ . $P_{\mathrm{O}},$ $\ldots,$ $P_{m}$
$*\backslash$ $I(V)$ $m$ , $m$
. $P_{0},$ $\ldots,$ $P_{m}$ $k$ . $k$ $V$ .
$k$ $V$ . $l$ $V$ . $P_{1}.(\overline{X}\rangle$ $\neq 0$
$i$ , $P\dot{.}(\overline{X}):=M.\cdot(\overline{X})-\Sigma:_{\lambda}a_{\lambda}M_{1_{\lambda}}(\overline{X})$ $k$ $\{w_{\rho}\}$
. $w_{0}=1$ . $\lambda$ , $a_{\lambda}=\Sigma_{\rho}d_{\lambda\rho}w_{\rho}(d_{\lambda\rho}\in l)$ , $P_{\dot{l}}(\overline{X})=\Sigma w_{\rho}Q_{\rho}(\overline{X})$
. $Q_{0}(\overline{X})=M.\cdot(\overline{X})-\Sigma_{\lambda}d_{\lambda 0}M_{\lambda}.\cdot(\neg X, Q_{\rho}(\overline{X})=-\Sigma_{\lambda}d_{\lambda\rho}M_{i_{\lambda}}(\overline{X})(\rho\neq 0)$ .
, $Q_{\rho}(\overline{X})$ I V) $M_{-\lambda}(\overline{X})$ 0 $I(V)$ , $\rho\neq 0$
$Q_{\rho}(\overline{X})=0$ $Q_{0}(\overline{X})=P_{\dot{l}}(\tau)$ . $a_{\lambda}=d_{\lambda 0}\in l$ . $k\subset l$ . $k$ $V$
. $k$ . $\blacksquare$
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210 (Seidenberg’s Differenfial NullsteUensatz) $K\models DCF$ . $K\{X\}$ radical $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{n}\ovalbox{\tt\small REJECT} \mathrm{m}\mathrm{l}$
ideal $I$ $\ovalbox{\tt\small REJECT}(\mathrm{D}$ , $K\{\ovalbox{\tt\small REJECT}\}$ radical $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\ovalbox{\tt\small REJECT} \mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{l}$ ideaJ $\delta-$
1 1 .
( ) .
$\delta-$ $V$ . differential ideal $I$ $V=V_{\delta}(I)$ . $V_{\delta}(I)=$
$V_{\delta}(\sqrt{I})$ , radical differential ideal $\sqrt{I}$ $\iota\backslash$ . .
.
radical differenfiml ideal $I\neq J$ . $g(\overline{X})\not\in I$ $g(\overline{X})\in J$
. radical differenfiml i DeQompo\S ition Theorem , $I\subset P$ $g(\overline{X})\not\in P$ prime
differenfial ideal $P$ . $K\{\overline{-\mathrm{K}}\}/P$ $L$ . $K\subset L$ . $L$
$\overline{L}$ . $f\in P$ , $f(\alpha)=0$ $g(\alpha)\neq 0$ $\alpha\in L$ .
$\mathrm{R}\mathrm{i}\mathrm{t}\mathrm{t}- \mathrm{R}\mathrm{a}\mathrm{u}\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{b}\mathrm{u}\mathrm{s}\mathrm{h}’\mathrm{s}$ Basis Theorem $P=.\sqrt{\{f_{1},\ldots,f_{m}\}}(f1, \ldots, f_{m}\in K\{\overline{X}\})$ .
$\tilde{L}\models\exists\overline{v}\bigwedge_{1=1}^{m}.f(\overline{v})=0\Lambda g(\overline{v})\neq 0$ . $DCF$ , $K \models\exists\overline{v}\bigwedge_{1=1}^{m}.f(\overline{v})=0\Lambda g(\overline{v})\neq 0$
. $V_{\delta}(P)\neq V_{\delta}(J)$ . $V_{\delta}(I)\neq V_{\delta}(J)$ .
$\blacksquare$
. .
$l11$ ( ) $K\models DCF$ , $k$ $K$ . $V$ $\delta$- . 1,
2 :
1. $V$ $k$ ;
2. $V$ $k$ .
( )$(2\Rightarrow 1)$ $V$ $k$ , $I_{\delta}(V)$ $k\{\overline{X}\}$ .
$I_{\delta}(V)|\mathrm{h}$ radical differential ideal \ddagger $\text{ }$ ,
$I_{\delta}(V)=\sqrt{\langle f_{1},\ldots,f_{m}\rangle}(f.\cdot\in k\{\overline{X}\})$.
. Seidenberg’s Differential Nullstellensatz , $V= \{\overline{a}\in K^{n}|\bigwedge_{=1}^{m}.\cdot f_{1}.(\overline{a})=0\}$
$V$ .
$(1\Rightarrow 2)V$ $\delta$- , $V= \{\overline{a}\in K^{n}|\bigwedge_{i=1}^{l}g:(\overline{a})=0\}$ . $N$ ,
$g:\in K[X_{1}^{(j)}. : i\leq n,j\leq N](1\leq i\leq l)$ . $J=\sqrt{\langle g_{1},\ldots,g_{l}\rangle},$ $J_{0}=J\cap K[X^{(j)},\cdot|i\leq n,j\leq N]$
. , $J_{0}$ . $\sigma\in \mathrm{A}\mathrm{u}\mathrm{t}_{k}(K)$
$V(J)$ $\Leftrightarrow V(J_{0})$ $\Leftrightarrow\sigma$ k0 . (1)
. $V$ $k$ , $\sigma\in \mathrm{A}\mathrm{u}\mathrm{t}_{k}(K)$ $\sigma(V)=V$
. (1) , $\sigma$ $k_{0}$ . $k_{0}\subset \mathrm{d}\mathrm{c}1(k)$ . $\mathrm{d}\mathrm{c}1(k)=k$ , $k_{0}\subset k$ . $V$ $k$
. $\blacksquare$
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